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ESTIMATES ON THE NON-REAL EIGENVALUES OF REGULAR
INDEFINITE STURM-LIOUVILLE PROBLEMS
JUSSI BEHRNDT, SHAOZHU CHEN, FRIEDRICH PHILIPP, AND JIANGANG QI
Abstract. Regular Sturm-Liouville problems with indefinite weight functions
may possess finitely many non-real eigenvalues. In this note we prove explicit
bounds on the real and imaginary parts of these eigenvalues in terms of the
coefficients of the differential expression.
1. Introduction
In this paper we consider regular indefinite Sturm-Liouville eigenvalue problems
of the form
(1.1) τ(f) = λf with τ =
1
w
(
− d
dx
p
d
dx
+ q
)
on bounded intervals (a, b) ⊂ R with real coefficients p−1, q, w ∈ L1(a, b) such that
p > 0 and w 6= 0 a.e. on (a, b). The problem (1.1) is supplemented with suitable
boundary conditions at the endpoints a and b. The pecularity here is that the weight
function w is not assumed to be positive and for this reason the eigenvalue problem
and the Sturm-Liouville differential expression τ in (1.1) is called indefinite.
The history of indefinite Sturm-Liouville eigenvalue problems goes back to the
early 20th century, where Haupt [9] and Richardson [14] generalized oscillation re-
sults to the indefinite case, and noted that problems of the form (1.1) may have
non-real eigenvalues. For more historical details and other classical references we
refer the reader to the interesting survey paper [12] by Mingarelli. From a modern
and more abstract point of view the spectral theory of Sturm-Liouville operators
with indefinite weights is intimately connected with spectral and perturbation the-
ory of operators which are selfadjoint with respect to the indefinite inner product
(1.2) [f, g] :=
∫ b
a
f(x) g(x)w(x) dx,
where f, g are functions in the weighted L2-space L2|w|(a, b). The qualitative spectral
properties of the selfadjoint differential operators associated to τ in the Krein space
(L2|w|(a, b), [· , ·]) are well understood. We emphasize the contribution [8] by C´urgus
and Langer in which many operator theoretic fundaments of the theory were laid. In
particular, the spectrum of any selfadjoint realization consists of normal eigenvalues
only. There are at most finitely many non-real eigenvalues which appear in pairs
symmetric with respect to the real axis, and the real eigenvalues accumulate to
+∞ and −∞. We refer to the monograph [16] by Zettl for an overview and to
[1, 3, 4, 5, 6, 7, 10, 13] for some other aspects in indefinite Sturm-Liouville theory.
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The main objective of this paper is to prove bounds on the non-real spectrum of
indefinite Sturm-Liouville operators in terms of the coefficients in the differential
expression. This is a challenging open problem according to Mingarelli [12] and
Kong, Mo¨ller, Wu, and Zettl [11, Remark 4.4], see also [16, Remark 11.4.1]. Only
in the very recent past first results in this direction were obtained by the authors of
this paper independently in [2] jointly with Trunk for a particular singular problem,
and in [15] for regular problems with Dirichlet boundary conditions, special weight
functions w and p = 1.
In this note we investigate the general regular case with arbitrary selfadjoint
boundary conditions. The only restriction on the weight w is that we assume the
existence of an absolutely continuous function g with g′ 2p ∈ L1(a, b) such that
sgn(g) = sgn(w) a.e. In Theorem 3.2 and Theorem 3.6 we then obtain bounds for
the real and imaginary parts of the non-real eigenvalues of the indefinite Sturm-
Liouville eigenvalue problem (1.1) which depend on p, q, g (and thus implicitly
on w), and the selfadjoint boundary condition. The techniques in the proofs of
our main results are inspired by the methods in [15]. For the case of a weight
function with finitely many sign changes we construct an admissible function g and
find bounds which do not depend on g in Corollaries 3.3 and 3.7. A particular
weight function with infinitely many turning points is treated in Example 3.4.
Furthermore, for a certain set of real eigenvalues where the eigenfunctions have
special sign properties (sometimes called real ghost states) we obtain similar bounds
as in Theorem 3.2 in Theorem 4.3.
The paper is organized as follows. After introducing the relevant notions in Sec-
tion 2, we prove the a priori bounds on the non-real eigenvalues of indefinite regular
Sturm-Liouville operators in Section 3. Section 4 contains the estimates on the real
exceptional eigenvalues. A key ingredient in the proofs of the results in Sections 3
and 4 are certain estimates on the norms of the corresponding eigenfunctions and
their derivatives in Lemmas 3.1, 3.5, and 4.2. In order to improve the reading flow
we outsourced the proofs of these lemmas into the separate Section 5.
2. Preliminaries
Let τ be the indefinite Sturm-Liouville expression from (1.1) with real-valued
coefficients p−1, q, w ∈ L1(a, b) such that p > 0 and w 6= 0 a.e. on (a, b). It will be
assumed that both sets{
x ∈ (a, b) : w(x) > 0} and {x ∈ (a, b) : w(x) < 0}
have positive Lebesgue measure. Let L2|w|(a, b) be the linear space (of equivalence
classes) of measurable functions f : (a, b)→ C such that f2w ∈ L1(a, b) and equip
this space with the indefinite inner product [· , ·] in (1.2).
The differential expression τ is then formally symmetric with respect to [· , ·] and
hence gives rise to selfadjoint realizations in the Krein space (L2|w|(a, b), [· , ·]), that
is, τ induces a family of differential operators which are selfadjoint with respect to
the Krein space inner product [· , ·]. In the remainder of this paper selfadjoint refers
to selfadjointness with respect to this inner product.
Let us briefly recall how the selfadjoint realizations of τ can be parametrized; cf.
[16, Section 4.2]. For this denote by Dmax the maximal domain which consists of
all f ∈ L2|w|(a, b) such that f, pf ′ are absolutely continuous and τ(f) ∈ L2|w|(a, b).
Then any selfadjoint differential operator associated to τ in (L2|w|(a, b), [· , ·]) is of
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the form
(2.1) A(D)f = τ(f), domA(D) = D,
where
D = Dsep(l, r) :=
{
f ∈ Dmax : (pf ′)(a) = lf(a), (pf ′)(b) = rf(b)
}
with l, r ∈ R ∪ {∞} or
D = Dcoup(ϕ,R) :=
{
f ∈ Dmax :
(
f(b)
(pf ′)(b)
)
= eiϕR
(
f(a)
(pf ′)(a)
)}
with ϕ ∈ [0, 2pi) and R ∈ R2×2 such that detR = 1. We note that l =∞ or r =∞
in Dsep(l, r) stands for the Dirichlet boundary condition at a or b, respectively.
For brevity we shall refer to the above domains as selfadjoint domains. To any
selfadjoint domain D we assign a constant c(D) ≥ 0 as follows:
(2.2) c(D) :=


|l|+ |r| if D = Dsep(l, r) with l, r ∈ R,
|r| if D = Dsep(∞, r) with r ∈ R,
|l| if D = Dsep(l,∞) with l ∈ R,
0 if D = Dsep(∞,∞),
|r11|+|r22|+2
|r12|
if D = Dcoup(ϕ,R) and r12 6= 0,
|r11r21| if D = Dcoup(ϕ,R) and r12 = 0,
where the rij ’s are the entries of the matrix R = (rij)
2
i,j=1 ∈ R2×2 in the case of
coupled boundary conditions, i.e. D = Dcoup(ϕ,R).
Lemma 2.1. Let D be a selfadjoint domain and let φ ∈ D. Then we have
(2.3) Im
(
(pφ′)(b)φ(b)− (pφ′)(a)φ(a) ) = 0,
and, in addition,
(2.4)
∣∣(pφ′)(b)φ(b) − (pφ′)(a)φ(a)∣∣ ≤ c(D)max{|φ(a)|2, |φ(b)|2}.
Proof. The identity (2.3) follows from the selfadjointness of A(D). We only show
that (2.4) holds in the case D = Dcoup(ϕ,R). The other cases are evident. Let
φ ∈ Dcoup(ϕ,R). Then we have
(2.5)
(
φ(b)
(pφ′)(b)
)
= eiϕ
(
r11 r12
r21 r22
)(
φ(a)
(pφ′)(a)
)
,
and hence, as detR = r11r22 − r12r21 = 1, also
(2.6)
(
r22 −r12
−r21 r11
)(
φ(b)
(pφ′)(b)
)
= eiϕ
(
φ(a)
(pφ′)(a)
)
.
From (2.5) we get
r12(pφ
′)(a) = e−iϕφ(b)− r11φ(a),
and (2.6) yields
r12(pφ
′)(b) = r22φ(b)− eiϕφ(a).
Hence, if r12 6= 0 then
(pφ′)(b)φ(b) − (pφ′)(a)φ(a) = r22|φ(b)|
2 + r11|φ(a)|2 − 2Re
(
eiϕφ(a)φ(b)
)
r12
.
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This directly implies (2.4). If r12 = 0, then, first of all, r11r22 = 1. Moreover, by
(2.6) we have r22φ(b) = e
iϕφ(a), and from (2.5) we get
e−iϕ(pφ′)(b) = r21φ(a) + r22(pφ
′)(a).
This yields
(pφ′)(b)φ(b) − (pφ′)(a)φ(a) = (r−122 (pφ′)(b)e−iϕ − (pφ′)(a))φ(a)
=
(
r−122 (r21φ(a) + r22(pφ
′)(a))− (pφ′)(a)) φ(a)
= r11r21|φ(a)|2,
and (2.4) follows. 
For the estimates on the non-real and exceptional eigenvalues in the next sections
we need a set of norms. If r : (a, b) → [0,∞) is a measurable function we denote
by µr the measure on (a, b) with dµr = r dt and define the weighted L
2-spaces as
L2r(a, b) := L
2((a, b), µr); this is in accordance with L
2
|w|(a, b) defined above. The
norm of L2r(a, b) will be denoted by ‖ · ‖r,2. As usual the L1-norm and L∞-norm
will be denoted by ‖ · ‖1 and ‖ · ‖∞, respectively.
We close this section with a simple observation which will be exploited in many
of the proofs below. Let φ be a solution of the equation (1.1), i.e., φ, pφ′ ∈ AC[a, b]
and
(2.7) − (pφ′)′ + qφ = λwφ.
Multiplying (2.7) with φ and using (pφ′φ)′ = (pφ′)′φ+ p|φ′|2 we obtain
(2.8) λw|φ|2 = −(pφ′)′φ+ q|φ|2 = −(pφ′φ)′ + p|φ′|2 + q|φ|2.
Integration over [x, b] ⊂ [a, b] gives
(2.9) λ
∫ b
x
w|φ|2 = (pφ′)(x)φ(x) − (pφ′)(b)φ(b) +
∫ b
x
(
p|φ′|2 + q|φ|2)
and for the real and imaginary part we conclude
(2.10) (Reλ)
∫ b
x
w|φ|2 = Re((pφ′)(x)φ(x) − (pφ′)(b)φ(b) )+ ∫ b
x
(
p|φ′|2 + q|φ|2)
and
(2.11) (Imλ)
∫ b
x
w|φ|2 = Im((pφ′)(x)φ(x) − (pφ′)(b)φ(b) ).
3. Bounds on non-real eigenvalues
In this section we provide a priori bounds on the non-real eigenvalues of the
selfadjoint realizations of the regular indefinite Sturm-Liouville expression τ ; cf.
Theorem 3.2 and Theorem 3.6 below. The following constants will be incorporated
into these bounds.
(3.1) α := c(D) + ‖q−‖1, β :=
√
α
(
1/‖p−1‖1 + α
)
+ α, γ :=
√
2β + 1/‖p−1‖1.
Here (and in the following), q−(x) := min{0, q(x)}, x ∈ (a, b). Note that α, β, and
γ only depend on the chosen selfadjoint boundary conditions and the norms ‖q−‖1,
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‖p−1‖1. In particular, the constants α, β, and γ do not depend on the weight
function w.
The following lemma is the first of three similar statements which play a key role
in the proofs of the eigenvalue estimates in this paper. Its proof can be found in
Section 5.
Lemma 3.1. Let D be a selfadjoint domain. Then for all λ ∈ C\R and all solutions
φ ∈ D of the equation (2.7) the following estimates hold:
‖φ′‖p,2 ≤ β‖φ‖ 1
p
,2 and ‖φ‖∞ ≤ γ ‖φ‖ 1
p
,2.
The next theorem is the first main result of this section. It provides estimates
on the real and imaginary parts of the non-real eigenvalues of the operators A(D)
in (2.1) for any selfadjoint domain D.
Theorem 3.2. Let D be a selfadjoint domain, let α, β, γ be as in (3.1), and
assume that there exists a real-valued function g ∈ AC[a, b] with g(a) = g(b) = 0
and g′ ∈ L2p(a, b) such that gw > 0 a.e. on (a, b). Then, with ε > 0 chosen such
that
(3.2) µ 1
p
({x ∈ [a, b] : p(x)g(x)w(x) < ε}) ≤ 1
2γ2
,
the following holds for all eigenvalues λ ∈ C \R of the operator A(D):
(3.3) | Imλ | ≤ 2
ε
β γ ‖g′‖p,2
and
(3.4) |Reλ | ≤ 2
ε
(
β γ ‖g′‖p,2 + (β2 + γ2‖q‖1)‖g‖∞
)
.
Proof. Let λ ∈ C \ R be a non-real eigenvalue of A(D) and let φ ∈ D be a corre-
sponding eigenfunction. It is no restriction to assume that
(3.5) ‖φ‖ 1
p
,2 = 1.
Since g(a) = g(b) = 0, integration by parts yields∫ b
a
g′(x)
∫ b
x
w(t)|φ(t)|2 dt dx = −
∫ b
a
g(x)
d
dx
∫ b
x
w(t)|φ(t)|2 dt dx
=
∫ b
a
g(x)w(x)|φ(x)|2 dx.
(3.6)
Let Ω := {x ∈ [a, b] : p(x)g(x)w(x) < ε} and Ωc = [a, b] \ Ω. By assumption we
have µp−1(Ω) ≤ 12γ2 and hence we find∫ b
a
gw|φ|2 =
∫ b
a
(pgw)(|φ|2p−1) ≥ ε
∫
Ωc
|φ|2p−1 = ε
(
1−
∫
Ω
|φ|2p−1
)
≥ ε (1− ‖φ‖2∞µp−1(Ω)) ≥ ε (1− γ2µp−1(Ω)) ≥ ε2 ,
(3.7)
where we have used the estimate ‖φ‖2∞ ≤ γ2 from Lemma 3.1 together with (3.5).
Combining (3.6) and (3.7) we have shown the estimate
(3.8)
ε
2
≤
∫ b
a
g′(x)
∫ b
x
w(t)|φ(t)|2 dt dx.
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From this, (2.11) and g(a) = g(b) = 0 we obtain
| Imλ |ε
2
≤
∣∣∣∣∣
∫ b
a
g′(x) (Im λ)
∫ b
x
w(t)|φ(t)|2 dt dx
∣∣∣∣∣
=
∣∣∣∣∣
∫ b
a
g′(x) Im
(
(pφ′)(x)φ(x) − (pφ′)(b)φ(b) ) dx
∣∣∣∣∣
=
∣∣∣∣∣
∫ b
a
g′(x) Im
(
(pφ′)(x)φ(x)
)
dx
∣∣∣∣∣
which can be estimated further as follows
≤
∫ b
a
|g′pφ′φ| ≤ ‖φ‖∞
∫ b
a
|g′|p1/2 |φ′|p1/2 ≤ ‖φ‖∞‖g′‖p,2‖φ′‖p,2.
Thus the assertion on the imaginary part of the eigenvalue λ follows from the
estimates ‖φ′‖p,2 ≤ β and ‖φ‖∞ ≤ γ; cf. Lemma 3.1 and (3.5).
It remains to estimate the real part of λ. For this we set G(x) :=
∫ b
x
p|φ′|2+q|φ|2.
From (3.8) and (2.10) we have
|Reλ |ε
2
≤
∣∣∣∣∣
∫ b
a
g′(x)
(
Re
(
(pφ′)(x)φ(x) − (pφ′)(b)φ(b) )+G(x)) dx
∣∣∣∣∣
=
∣∣∣∣∣
∫ b
a
g′(x) Re
(
(pφ′)(x)φ(x)
)
dx+
∫ b
a
g′(x)G(x) dx
∣∣∣∣∣ .
(3.9)
Integration by parts shows∫ b
a
g′(x)G(x) dx = −
∫ b
a
g(x)G′(x) dx =
∫ b
a
g(x)
(
p(x)|φ′(x)|2 + q(x)|φ(x)|2) dx
and hence from (3.9) we have
|Reλ |ε
2
≤
∫ b
a
|g′pφ′φ|+
∫ b
a
∣∣g(p|φ′|2 + q|φ|2)∣∣
≤ ‖φ‖∞
∫ b
a
|g′|p1/2 |φ′|p1/2 + ‖g‖∞
∫ b
a
∣∣p|φ′|2 + q|φ|2∣∣
≤ ‖φ‖∞‖g′‖p,2‖φ′‖p,2 + ‖g‖∞
(‖φ′‖2p,2 + ‖q‖1‖φ‖2∞).
(3.10)
The inequality (3.10) together with the estimates ‖φ′‖p,2 ≤ β and ‖φ‖∞ ≤ γ (see
Lemma 3.1 and (3.5)) imply
|Reλ |ε
2
≤ β γ ‖g′‖p,2 + ‖g‖∞
(
β2 + γ2‖q‖1
)
which is (3.4). The theorem is proved. 
As the condition in Theorem 3.2 concerning the existence of the absolutely con-
tinuous function g is somewhat implicit, we show in the next corollary how the
theorem becomes more explicit in the case of an indefinite weight function with a
finite number of turning points, that is, the interval (a, b) can be segmented into a
finite number of intervals on each of which sgn(w) is constant.
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Corollary 3.3. Assume p = 1 and that w has n turning points in (a, b). Moreover,
let D be a selfadjoint domain and let α, β, γ be as in (3.1). Then, with ε > 0 chosen
such that
µ1
({x ∈ (a, b) : |w(x)| < ε}) ≤ 1
4γ2
,
the following holds for all eigenvalues λ ∈ C \R of the operator A(D):
| Imλ | ≤ 8
ε
β γ2 (n+ 1) and |Reλ | ≤ 2
ε
(
4 β γ2 (n+ 1) + (β2 + γ2‖q‖1)
)
.
Proof. Let x1 < . . . < xn be the turning points of w in (a, b), put x0 := a, xn+1 := b,
and define the constant
ν :=
1
8(n+ 1)γ2
.
Let k ∈ {0, . . . , n}. If xk+1 − xk ≥ 2ν, for x ∈ [xk, xk+1] we set
g(x) := sgn(w|(xk, xk+1)) ·


x−xk
ν for x ∈ [xk, xk + ν]
1 for x ∈ [xk + ν, xk+1 − ν]
xk+1−x
ν for x ∈ [xk+1 − ν, xk+1].
If xk+1 − xk < 2ν, then we define
g(x) := sgn(w|(xk, xk+1)) · (x− xk)(xk+1 − x)
2ν2
, x ∈ [xk, xk+1].
Obviously, we have g ∈ AC[a, b], g′ ∈ L2(a, b), g(a) = g(b) = 0, and gw > 0 a.e..
Moreover, ∫ xk+1
xk
|g′(x)|2 dx ≤
{
2
ν if xk+1 − xk ≥ 2ν
xk+1−xk
ν2 if xk+1 − xk < 2ν
≤ 2
ν
.
In addition, it is easy to see that |g(x)| ≤ 1 for every x ∈ (a, b). Hence, we obtain
‖g‖∞ ≤ 1 and ‖g′‖2 ≤
√
2
ν
(n+ 1) = 4γ(n+ 1).
Now, define S := {x ∈ (a, b) : |g(x)| 6= 1} and Ω := {x ∈ (a, b) : g(x)w(x) < ε}.
Then we have µ1(S) ≤ 2ν(n+ 1) and hence
µ1(Ω) ≤ µ1 ({x ∈ (a, b) \ S : |w(x)| < ε}) + 2ν(n+ 1) ≤ 1
2γ2
.
The claim now follows from Theorem 3.2. 
As the following example illustrates, Theorem 3.2 also applies to weight functions
with an infinite number of turning points.
Example 3.4. Let p = 1 and w(x) = sin(1/x) for x ∈ [0, 1pi ]. Then w ∈ L1(0, 1pi ),
but w /∈ AC[0, 1pi ] (and hence the results in [15] do not apply here). In order to
estimate the non-real eigenvalues of the equation (1.1) with some q ∈ L1(0, 1pi ) and
some selfadjoint boundary conditions, we put g(x) := x4 sin(1/x). Then g is a
function as in Theorem 3.2 with
‖g‖∞ ≤ 0.003 and ‖g′‖2 ≤ 0.02.
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Choose k0 ∈ N such that (k0 + 1)pi > 4γ2. Then, if for k ∈ N we set
Ik :=
[
1
(k + 1)pi
,
1
kpi
]
, we have µ1
(
∞⋃
k=k0+1
Ik
)
<
1
4γ2
,
so that for (3.2) to hold it suffices to find ε > 0 such that
(3.11) µ1
({
x ∈
k0⋃
k=1
Ik : x
4 sin2(1/x) < ε
})
<
1
4γ2
.
For this, we first observe that for x ∈ Ik we have x2| sin(1/x)| ≥ pk(x), where
pk(x) :=
1
pi
(1 − kpix)((k + 1)pix− 1), x ∈ Ik.
It is easily seen that for ε > 0 small enough we have
µ1
({x ∈ Ik : pk(x) < √ε}) = 1−
√
1− 4√εk(k + 1)pi
k(k + 1)pi
≤ 4
√
εk(k + 1)pi
k(k + 1)pi
= 4
√
ε.
Hence, with
√
ε := 14k0(k0+1)pi we can estimate the left-hand side of (3.11) by
k0∑
k=1
µ1
({x ∈ Ik : x2| sin(1/x)| < √ε}) ≤ 4k0√ε = 1
(k0 + 1)pi
<
1
4γ2
,
so that (3.11), and hence (3.2), is satisfied. Now, we find estimates on the non-real
eigenvalues by making use of (3.3) and (3.4) in Theorem 3.2.
In the next lemma we prove estimates different from those in Lemma 3.1 for
‖φ′‖p,2 and ‖φ‖∞ under the assumption that the weight function w is such that
(3.12)
∫ b
a
w 6= 0.
These involve the constant α in (3.1) and the constant δ defined by
(3.13) δ := 2 + 2
‖w‖1∣∣∫ b
a w
∣∣ .
The proof of Lemma 3.5 can be found in Section 5.
Lemma 3.5. Assume that the weight function w satisfies (3.12). Then for all
λ ∈ C\R and all solutions φ ∈ D of the equation (2.7) the following estimates hold:
‖φ′‖p,2 ≤ α δ ‖φ‖ 1
p
,2 and ‖φ‖∞ ≤
√
α δ ‖φ‖ 1
p
,2.
By the same reasoning as in the proof of Theorem 3.2 the estimates on ‖φ′‖p,2
and ‖φ‖∞ yield bounds on the non-real eigenvalues of the selfadjoint realizations of
the regular indefinite Sturm-Liouville expression τ . We note that the estimates in
Theorem 3.2 and Theorem 3.6 below are not directly comparable, but can of course
be combined if w satisfies assumption (3.12).
Theorem 3.6. Assume that the weight function w satisfies (3.12), let D be a
selfadjoint domain, let α and δ be as above and assume that there exists a real-
valued function g ∈ AC[a, b] with g(a) = g(b) = 0 and g′ ∈ L2p(a, b) such that
gw > 0 a.e. on (a, b). Then, with ε > 0 chosen such that
µ 1
p
({x ∈ [a, b] : p(x)g(x)w(x) < ε}) ≤ 1
2αδ2
,
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the following holds for all eigenvalues λ ∈ C \R of the operator A(D):
(3.14) | Imλ | ≤ 2
ε
α3/2 δ2 ‖g′‖p,2
and
(3.15) |Reλ | ≤ 2
ε
α δ2
(√
α‖g′‖p,2 + (α+ ‖q‖1)‖g‖∞
)
.
Proof. Let λ ∈ C \ R be an eigenvalue corresponding to some eigenfunction φ ∈ D
and assume that φ satisfies (3.5). The same reasoning as in (3.6) and (3.7) leads
to (3.8), and hence to the estimates
| Imλ | ≤ 2
ε
‖φ‖∞‖g′‖p,2‖φ′‖p,2
and
|Reλ | ≤ 2
ε
(
‖φ‖∞‖g′‖p,2‖φ′‖p,2 + ‖g‖∞
(‖φ′‖2p,2 + ‖q‖1‖φ‖2∞)).
Now the assertions follow from ‖φ′‖p,2 ≤ α δ and ‖φ‖∞ ≤
√
α δ; cf. Lemma 3.5 and
(3.5). 
The next corollary is a variant of Corollary 3.3 and can be proved in the same
way.
Corollary 3.7. Assume p = 1, that w satisfies (3.12) and has n turning points in
(a, b). Moreover, let D be a selfadjoint domain and let α and δ be as in (3.1) and
(3.13). Then, with ε > 0 chosen such that
µ1
({x ∈ (a, b) : |w(x)| < ε}) ≤ 1
4αδ2
,
the following holds for all eigenvalues λ ∈ C \R of the operator A(D):
| Imλ | ≤ 8
ε
α2 δ3 (n+ 1) and |Reλ | ≤ 2
ε
α δ2
(
4α δ (n+ 1) + α+ ‖q‖1
)
.
Remark 3.8. If we regard the existence of the function g in Theorems 3.2 and 3.6 as
a condition on the weight function w, it turns out that the condition g(a) = g(b) = 0
is redundant. To see this, let g˜ be an absolutely continuous function on [a, b] with
g˜′ ∈ L2p(a, b) and g˜w > 0, choose a function h ∈ AC[a, b] such that
(3.16) h(x) > 0 for all x ∈ (a, b), h(a) = h(b) = 0, and h′ ∈ L2p(a, b),
and set g := hg˜. Then
g ∈ AC[a, b], g(a) = g(b) = 0, gw > 0 and g′ = h′g˜ + hg˜′ ∈ L2p(a, b).
We note that a function h with the above mentioned properties can be defined as
follows: Choose x0 ∈ (a, b) such that
∫ x0
a
1/
√
p =
∫ b
x0
1/
√
p and let
h(x) :=
∫ x
a
sgn(x0 − t)√
p(t)
dt, x ∈ [a, b].
We also mention that the condition g(a) = g(b) = 0 is not redundant for the
eigenvalue estimates in Theorems 3.2 and 3.6.
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4. Bounds on exceptional real eigenvalues
Let A(D) be a selfadjoint realization of the indefinite Sturm-Liouville expression
τ defined on some selfadjoint domain D. It is well known that the resolvent of A(D)
is a compact operator and that the real eigenvalues of A(D) accumulate to +∞ and
−∞. Moreover the real eigenvalues have the following sign properties; cf. [8].
Proposition 4.1. Let D be a selfadjoint domain. Then there exist at most finitely
many real eigenvalues λ 6= 0 of A(D) with a corresponding eigenfunction φ such
that
(4.1) λ[φ, φ] = λ
∫ b
a
|φ|2w ≤ 0.
These eigenvalues will be called real exceptional eigenvalues of A(D).
We mention that λ = 0 is said to be an exceptional eigenvalue of A(D) if there
exists a function ψ in the root subspace of A(D) corresponding to zero such that
[A(D)ψ, ψ] < 0. Furthermore, we note that in [12] the eigenfunctions corresponding
to (non-zero) real exceptional eigenvalues satisfying (4.1) were called real ghost
states.
In what follows we provide estimates on the real exceptional eigenvalues along the
lines of Theorem 3.2. The following preparatory lemma is the analog of Lemma 3.1
and is also proved in Section 5.
Lemma 4.2. For all λ ∈ R \ {0} and all solutions φ ∈ D of the equation (2.7)
which satisfy (4.1) we have
‖φ′‖p,2 ≤ β‖φ‖ 1
p
,2 and ‖φ‖∞ ≤ γ ‖φ‖ 1
p
,2.
Lemma 4.2 implies the following variant of Theorem 3.2; its proof remains the
same. We leave it to the reader to formulate a variant of Corollary 3.3 for real
exceptional eigenvalues.
Theorem 4.3. Let D be a selfadjoint domain, let α, β, γ be as above, and assume
that there exists a real-valued function g ∈ AC[a, b] such that gw > 0 a.e. on (a, b),
g(a) = g(b) = 0, and g′ ∈ L2p(a, b). Then, with ε > 0 chosen such that
µ 1
p
({x ∈ [a, b] : p(x)g(x)w(x) < ε}) ≤ 1
2γ2
,
the following holds for all real exceptional eigenvalues λ of the operator A(D):
|λ| ≤ 2
ε
(
β γ ‖g′‖p,2 + (β2 + γ2‖q‖1)‖g‖∞
)
.
5. Proofs of Lemmas 3.1, 3.5, and 4.2
In this section we provide the remaining proofs of Lemma 3.1, Lemmma 3.5, and
Lemma 4.2.
Proof of Lemma 3.1. Choosing x = a in (2.11) and taking into account (2.3) and
Imλ 6= 0 we find
(5.1)
∫ b
a
w|φ|2 = 0.
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From (2.9) we then obtain
‖φ′‖2p,2 = (pφ′)(b)φ(b) − (pφ′)(a)φ(a) −
∫ b
a
q|φ|2
≤ c(D)max{|φ(a)|2, |φ(b)|2}+
∫ b
a
|q−||φ|2
≤ (c(D) + ‖q−‖1)‖φ‖2∞ = α‖φ‖2∞.
(5.2)
For x, y ∈ [a, b], y < x, we have
|φ(x)|2 − |φ(y)|2 =
∫ x
y
(|φ|2)′ = ∫ x
y
(φ′φ+ φφ
′
)
≤ 2
∫ b
a
|φ′φ| = 2
∫ b
a
|φ′|p1/2 |φ|p−1/2 ≤ 2‖φ′‖p,2‖φ‖ 1
p
,2,
where we have used the Cauchy-Schwarz inequality in the last estimate. Multiplying
the above inequality with p−1(y) and integrating over [a, b] with respect to y gives
|φ(x)|2‖p−1‖1 − ‖φ‖21
p
,2 ≤ 2‖φ′‖p,2‖φ‖ 1p ,2‖p
−1‖1
for all x ∈ [a, b]. Hence it follows that
(5.3) ‖φ‖2∞ ≤ 2‖φ′‖p,2‖φ‖ 1
p
,2 + ‖p−1‖−11 ‖φ‖21
p
,2.
Therefore we obtain from (5.2)
‖φ′‖2p,2 ≤ α‖φ‖2∞ ≤ 2α‖φ′‖p,2‖φ‖ 1
p
,2 + α ‖p−1‖−11 ‖φ‖21
p
,2.
This yields(‖φ′‖p,2 − α‖φ‖ 1
p
,2
)2 ≤ α ‖p−1‖−11 ‖φ‖21
p
,2 + α
2‖φ‖21
p
,2 = α
(‖p−1‖−11 + α)‖φ‖21
p
,2
and hence
(5.4) ‖φ′‖p,2 ≤
√
α
(
1/‖p−1‖1 + α
) ‖φ‖ 1
p
,2 + α‖φ‖ 1
p
,2 = β‖φ‖ 1
p
,2,
so that the first estimate in the lemma is proved. The second estimate follows from
the first one and (5.3). Indeed, with the help of (5.4) we obtain from (5.3) that
‖φ‖2∞ ≤ 2β‖φ‖21
p
,2 + ‖p−1‖−11 ‖φ‖21
p
,2
holds, which implies ‖φ‖∞ ≤
√
2β + 1/‖p−1‖1 ‖φ‖ 1
p
,2 = γ ‖φ‖ 1
p
,2. 
Proof of Lemma 3.5. Let W (x) :=
∫ x
a w, x ∈ [a, b], and observe that integration by
parts yields ∫ b
a
W (|φ|2)′ =W (b)|φ(b)|2 −
∫ b
a
w|φ|2 =W (b)|φ(b)|2,
where we have used (5.1) in the last step. This implies
W (b)|φ(x)|2 = −W (b)(|φ(b)|2 − |φ(x)|2)+ ∫ b
a
W (|φ|2)′
= −W (b)
∫ b
x
(|φ|2)′ +
∫ b
a
W (|φ|2)′
(5.5)
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and hence with ‖W‖∞ ≤ ‖w‖1 and W (b) =
∫ b
a w we conclude that
|φ(x)|2 = −
∫ b
x
(|φ|2)′ + 1
W (b)
∫ b
a
W (|φ|2)′
≤ 2
∫ b
a
|φ′φ|+ 2‖W‖∞|W (b)|
∫ b
a
|φ′φ|
≤
(
2 + 2
‖w‖1∣∣∫ b
a
w
∣∣
) ∫ b
a
|φ′|p1/2|φ|p−1/2
≤ δ ‖φ′‖p,2‖φ‖ 1
p
,2
(5.6)
holds for all x ∈ [a, b]. This leads to the estimate
(5.7) ‖φ‖2∞ ≤ δ ‖φ′‖p,2‖φ‖ 1
p
,2.
As in the proof of Lemma 3.1 we have ‖φ′‖2p,2 ≤ α‖φ‖2∞ (cf. (5.2)) which together
with (5.7) yields
‖φ′‖p,2 ≤ α δ ‖φ‖ 1
p
,2.
Plugging this into (5.7) gives
‖φ‖∞ ≤
√
α δ ‖φ‖ 1
p
,2
which completes the proof of Lemma 3.5. 
Proof of Lemma 4.2. For a solution φ ∈ D we have
(5.8) λ
∫ b
a
w|φ|2 = (pφ′)(a)φ(a) − (pφ′)(b)φ(b) +
∫ b
a
(
p|φ′|2 + q|φ|2);
cf. (2.9) with x = a. The assumption (4.1) then implies the estimate
‖φ′‖2p,2 ≤ (pφ′)(b)φ(b) − (pφ′)(a)φ(a) −
∫ b
a
q|φ|2
and hence the estimate ‖φ′‖2p,2 ≤ α‖φ‖2∞ in (5.2) remains valid. Thus the rest of
the proof of Lemma 3.1 holds also under the present assumptions on φ and yields
the estimates for ‖φ′‖p,2 and ‖φ‖∞. 
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